The aim of this paper is to establish the sharp bound of the Fekete Szegö coefficient function for the subclass U(a, δ, λ, α, b)(φ) of an analytic functions which is associated with Komatu integral operator .
Introduction
Let A denote the class of all functions f (z) of the form:
f (z) = z + ∞ n=2 a n z n (1) which are analytic in the open unit disk U = {z : z ∈ C and |z| < 1}. Let S be the subclass of A consisting of all univalent functions in U. If f (z) and g(z) are analytic in U, then we say that the function f (z) is subordinate to g(z), if there exists a Schwarz function w(z), analytic in U with w(0) = 0 and |w(z)| < 1 (z ∈ U), such that f (z) = g(w(z)) (z ∈ U).
We denote this subordination by f ≺ g or f (z) ≺ g(z) (z ∈ U).
In particular, if the function g is univalent in U, the above subordination is equivalent to f (0) = g(0) and f (U) ⊆ g(U).
Recently Serap Bulut [10] have Studied the following certain subclasses of class A. lemma 1.1. The Komatu integral Operator of f ∈ S is denoted by L δ a f (z) and defined as following:
( a a + n − 1 ) δ a n z n a > 1; δ ≥ 1
= a δ Γ(δ)
Note that
• L • L 1 2 f (z) = L[f ](z) called Libera operator [7] .
• L
Let φ(z) be an analytic function with positive real part on U with φ(0) = 1, φ (0) > 0 which maps the open unit disk U onto a region starlike with respect to 1 which is symmetric with respect to the real axis. Let S * (φ) be the class of all functions f ∈ S for which
and C(φ) be the class of functions in f ∈ S for which
These classes were investigated and studied by Ma and Minda [8] . When
the classes S * (φ) reduces to the class S * (A, B) studied by Janowski [5] . Recently Shanmugam et.al. [12, 13] and Ramachandran et.al. [11] are studied and investigated certain coefficient inequalities for the functions f ∈ A in some classes. definition 1.2. Let φ(z) = 1 + B 1 z + B 2 z 2 + · · · be a univalent starlike function with respect to 1 which maps the open unit disk U onto a region in the right half plane which is symmetric with respect to the real axis, and let B 1 > 0. A function f ∈ S is in the class U(a, δ, λ, α, b)(φ)
where,
• U(1, 0, 0, 0, 1)(φ) = S * (φ) [8] • U(1, 0, 0, 1, 1(φ)) = C(φ) [8] •
.is an analytic function with positive real part in U, then
When ν < 0 or ν > 1, the equality holds if and only if p(z) = , (0 ≤ λ ≤ 1) or one of its rotations. While ν = 1,equality holds if and only if p(z) is the reciprocal of one of the function for which the equality holds in the case of ν = 0. Also the above upper bound can be improved as follows when
Our aim is to give sharp bound for the Fekete Szegö coefficient functional to the Komatu integral operator.
Fekete-Szegö Inequality
Our main result is the following:
where
Proof.
Since φ(z) is univalent and p ≺ φ, the function
is analytic and has positive real part in U. Thus we have
and from the equation (2.2),
Our result now follows by an application of Lemma 1.2. To show that these bounds are sharp, We define the functions K φn (n = 2, 3, ...) by
Clearly the functions K φn , F λ , G λ ∈ U(a, δ, λ, α, b). Also we write K φ = K φ 2 . If µ < σ 1 or µ > σ 2 , then the equality holds if and only if f is K φ or one of the rotations. When σ 1 < µ < σ 2 , the equality holds if and only if f is K φ 3 or one of its rotations. If µ = σ 1 then the equality holds if and only if f is F λ or one of its rotations. If µ = σ 2 then the equality holds if and only if f is G λ or one of its rotations. If σ 1 ≤ µ ≤ σ 2 , then , in view of Lemma 1.2, Theorem 2.1 can be improved.
By taking a = 1, δ = 0 and p = 1 in Theorem 2.1 coincides with the results obtained by [11] corollary 2.2. The function f (z) defined by equation (1) is in the class U(1, 0, λ, α, b)(φ) and is given by
By setting a = 1, δ = 1 in Theorem 2.1, we can deduce the following corollary. corollary 2.3. The function f (z) defined by equation (1) is in the class U (1, 1, λ, α, b) (φ) and is given by
By setting a = 2, δ = 1 in Theorem 2.1, we can deduce the following corollary.
corollary 2.4. The function f (z) defined by equation (1) is in the class U(2, 1, λ, α, b)(φ) and is given by
By setting a = c+1, δ = 1 in Theorem 2.1, we can deduce the following corollary.
corollary 2.5. The function f (z) defined by equation (1) is in the class U(c + 1, 1, λ, α, b)(φ) and is given by
By setting a = 2 in Theorem 2.1, we can deduce the following corollary. corollary 2.6. The function f (z) defined by equation (1) is in the class U(2, δ, λ, α, b)(φ) and is given by
By setting λ = 0, δ = 0 and b = 1 in Theorem 2.1, coincides with the results obtained by [3] corollary 2.7. The function f (z) defined by equation (1) is in the class U(1, 0, 0, α, 1)(φ) and is given by
By setting α = 0, λ = 0, δ = 0, and b = 1 in Theorem 2.1, coincides with the results obtained by [8] corollary 2.8. The function f (z) defined by equation (1) is in the class U(1, 0, 0, 0, 1)(φ) and is given by
By setting α = 1, λ = 0, δ = 0, and b = 1 in Theorem 2.1, coincides with the results obtained by [8] corollary 2.9. The function f (z) defined by equation (1) is in the class U(1, 0, 0, 1, 1)(φ) and is given by
Theorem 2.10. If f (z) given by (1) belongs to U(a, δ, λ, α, b). Let σ 3 be given by
(1 + α) 2 (1 + λ) 
